Abstract: The formalism developed by Fayos and Sopuerta for isometries in vacuum spacetimes is generalised in three ways: to include the case of homotheties, to allow for a tetrad not aligned to the symmetry structure and to allow for a non-normalised tetrad.
commonly employed (as in, for example, Kramer et al [5] ), see [12] p.209. In the appendix I give a translation table to the more common notation as used in [2] .
A homothetic vector ξ a by definition satisfies the equation
Here ψ, the divergence, is a constant, and F ab will be called the homothetic bivector.
The calculations are most easily accomplished by turning to a spinors. Let {o A , ι A } be a spinor dyad, with o A ι A = χ. A complex null tetrad is related to this dyad in the standard way:
( [12] , (4.5.19)), and a n a = −m a m a = χχ.
2: Basic Equations
In the same manner as [2] , we define components of the homothety:
Thus, for example, χχξ = ξ a a . Note also that ξ m = ξ m . For the homothetic bivector F ab we define its spinor form and anti-self dual by 
Resolving ( 
We have used the equations
along with their primed versions and complex conjugates, which follow from [12] (4.5.25).
The Killing equations agree with those of [2] after change of notation, see the Appendix.
The Ricci identity for ξ a implies F cd;b = R abcd ξ a , from which the algebraic Bianchi identities lead to equations for the derivatives of the φ ij . In vacuum these turn out to be the source-free Maxwell equations − F ab ;b = 0, see [1] or [11] : since the symmetric part of ξ a;b is covariantly constant, the proofs for homotheties and Killing vectors are nearly identical (and can be easily extended to the case of general affine transformations). In spinor form the source-free Maxwell equations are
Resolving into components gives
D φ 01 + δφ 00 = (τ + α − β)φ 00 + 2ρ φ 01 + κ φ 11 ; (8b)
δ φ 01 + Dφ 00 = (ρ + γ − ε)φ 00 + 2τ φ 01 + σ φ 11 .
The integrability conditions for these equations can either be obtained from the commutators, as apparently done in [2] 
Then substituting in for the components of ξ d we get
From the definitions of the dyad components [12] (4.11.6), we have (see also [13] 8.3.9)
As in the Killing case, it is easy to arrange for the curvature and bivector principal directions to be aligned: the canonical forms for the Petrov types are given in chapter 8
of [13] .
Resolving equation (9) into its components and using Maxwell's equations to remove derivatives of φ 01 gives the following equations:
Equations (10c) to (10f) all have alternative right hand sides which arise when the Maxwell equations are not used:
Note that applying the prime to all these equations transforms them among themselves, as φ 00 = −φ 11 and φ 01 = −φ 01 -see [12] p.226 and p.250. Equations (10) are easily compared to those of [2] (see Appendix), and here we notice a discrepancy: the equations equivalent to (10c ) and (10e ) in [2] -their equations (50) and (52) -and have somewhat anomalous terms involving, in my notation, the conjugate of φ 00 . However, when the tetrad is aligned to a null Killing bivector the coefficients of φ 00 , κ and σ, are zero, as shown in [1] and [2] .
As pointed out in [2] , equations (10) form a set of four pairs of linear equations, solvable for the coefficients of the Weyl spinor if the homothety is non-null, for all pairs
One final useful result is that if is a Debever-Penrose vector, then as ξ a is conformal, L ξ must be proportional to [6] . This gives us
If n a is a Debever-Penrose vector, we get the primed version of this equation.
3: Compacted Formalism
The above formalism can naturally be translated into the compacted GHP formalism, as detailed in [3] and [12] section 4.12. Under the general spin transformation preserving the directions of both a and n a , namely
a weighted quantity η of type {r , r; t , t} undergoes a transformation
Some of the spin coefficients are weighted quantities, and others are not. The weights of the several spin coefficients that are weighted quantities are given in [12] , equation (4.12.14); those that are not weighted are combined into weighted derivative operators [12] (4.12.15):
The components of ξ a and F ab are also weighted quantities, and their weights are given in Table I . Table I : weights of components
Using these weights, we can easily transform equations (6), (8) and (10) into the compacted formalism to get:
for the Killing equations (6);
φ 01 + φ 00 = τ φ 00 + 2ρ φ 01 + κ φ 11 ; (13b)
for the Maxwell equations (8) and
for the integrability equations (10) . Equations (10c ) to (10f ) are essentially unchanged in the compacted formalism, since no unweighted quantities appear. Comparing weights on the left and right hand sides of these equations acts as a further check on their consistency.
4: McIntosh's results
In [9] , McIntosh proved that in vacuum a proper homothety cannot be null and in [10] that if the homothetic bivector is null the Petrov type is III or N. Both these results can be obtained from the above formalism as follows.
Firstly, assume ξ a is null and align the dyad so that ξ a is parallel to a . Then (6b) implies ψ = φ 01 + φ 01 ; (6c) that φ 00 = 0; (6i) that σ = 0 and then (6h) that τ = 0.
Now either φ 01 = 0 or we can use a null rotation about a to set φ 11 = 0 and φ 01 = 0.
In the former case (6b) reduces to ψ = 0 and so we have a Killing vector, a case that has been considered exhaustively, see [5] .
In the latter case (φ 01 = 0), equation (6g) implies κ = 0, and so by the GoldbergSachs theorem [4] (which still holds in the extended formalism, as is easily proved) a is a repeated Debever-Penrose vector and Ψ 0 = Ψ 1 = 0. Then (10c) implies ρ = 0 and so a is recurrent: a;b = a v b for some v b . But if a is recurrent so is ξ a , and hence for some w b ,
, which is at most rank 2 and so cannot be 2ψg ab for non-zero ψ.
Turning to McIntosh's second result, suppose ξ a is non-null and F ab is null. Align the dyad so that φ 01 = φ 11 = 0. If φ 00 is also zero, then equation (9) reduces to Ψ ABCD = 0 and the metric is flat. So assume φ 00 = 0.
Then (10a) and (10b) give Ψ 0 = Ψ 1 = 0, so a is a repeated Debever-Penrose direction, and κ = σ = 0 by Goldberg-Sachs. Equations (10c) and (10d) imply Ψ 2 = 0 and so a is a triple Debever-Penrose direction, and the Petrov type is III or N.
In the type N case, we have Ψ 3 = 0 and then (8b), (8d), (10c) and (10d) together give ρ = τ = 0 and so a is recurrent and we have the well-known p.p. waves.
In the type III case, we set χ = 1 and affinely parameterise the geodesic a so that ε + ε = 0. Then equation (10e) and (10f) simplify respectively to Ψ 3 ξ = −ρφ 00 and Ψ 3 ξ m = −τ φ 00 (15) using (8d) and using (8b). We therefore have four possible cases to consider.
Firstly, if ρ = τ = 0, so that a is recurrent, (15) gives ξ = ξ m = 0 so the homothety is null, and thus a Killing vector. Secondly, if ρ = 0 and τ = 0 we have a Kundt class metric, which will be considered elsewhere. Thirdly, if ρ = 0 we can use a null rotation to ensure τ = 0, and thus ξ m = 0; equations (6g) and (6i) then imply that τ = σ = 0, since ξ cannot be zero. We have two cases: type III twisting metrics (ρ non real) or
Robinson-Trautman metrics (ρ real). We only consider the latter here.
5: Robinson-Trautman metrics
The Robinson-Trautman metric [14] , as given in [5] (but with the opposite signature), is
where P is independent of r, and
For a tetrad we use the orthonormal tetrad (χ = 1)
which has contravariant form
In this tetrad the non-zero spin coefficients are
The type III condition is that m ≡ 0 and (∆ log P ) ζ = 0, where ∆ = 2P 2 ∂ ζ ∂ ζ .
Turning to the Killing equations in the case of F ab null, and following section 4, we find from (6a) and (6c) that ξ = ξ (u).
Assume ξ is a proper homothety, and use a coordinate change to set ξ = ψu. Then (6b) implies that P is independent of u, and hence the metric function H reduces to P 2 (log P ) ζζ . Then from (6d) and (6e), ξ n = ψr + ψuH + F (ζ, ζ). Putting these forms for the components of ξ a into (6j) we find F (ζ, ζ) = 0. The last Killing equation left is (6h), which defines φ 00 = κ ψu. We have a proper homothety proportional to u∂ u + r∂ r whose homothetic bivector has null anti-self dual 2φ 00 [a m b] .
In the case of a true Killing vector (ψ = 0), we can set ξ = 1 and then a similar argument ensues, leaving us with the Killing vector ∂ u and the same metric as above. In this case the Killing bivector has φ 00 = κ , and thus has the same blade as the bivector of the proper homothety.
We see, then, that it is possible to have a null Killing bivector in the ρ = 0 case, contradicting the claims of [2] , and that happens if and only if there is also a proper homothety with a null homothetic bivector. The error in their calculations is discussed in [16] .
6: Kundt metrics
We turn to the Kundt metrics [7] , in the notation of [5] with again a signature change
and give with some general results. In (18) P = P (u, ζ, ζ), and the other metrc functions depend on all four coordinates, see [7] and [5] . The field equations imply that W vv = 0.
The Goldberg-Sachs theorem implies that a is a repeated Debever-Penrose vector and so
Several immediate consequences follow from equations (6) and (11) for all Kundt metrics. Firstly Dξ = 0 and δξ = 0. Thus ξ = ξ (u), and if ξ ≡ 0, by a coordinate change u → f (u) we can set ξ to be, for example ψu + 1. The vanishing of ξ = ξ a awhich is the component along ∂ u -is clearly geometrically invariant, and serves to split all possible cases into two distinct types as to whether there is or is not a homothety with identically zero ξ .
Also equation (6g) simplifies to Dξ m = 1 2 P (W v − W v ). We note that in the case of type III or type N, we can use a coordinate change to set P = 1, and then δξ m = 0.
7: Kundt type N
We specialise to Kundt type N metrics and illustrate the use of the formalism to give a complete list of possible Killing and homothetic vectors. There are two cases: τ = 0 and τ = 0. In the former a is recurrent and we have a pp. wave, a case which has been thoroughly studied, see for example [8] .
Otherwise, we can arrange that
where the last field equation yields
The non-zero spin coefficients and curvature scalars are
It follows that Dξ m = 0, and as δξ m = 0 we have ξ m = ξ m (u, ζ).
Suppose a homothety with ξ ≡ 0 exists. Then φ 11 = 0. Also, by (6h), as γ is real φ 00 = D ξ m and so φ 00 = φ 00 (u, ζ). Thus Dφ 00 = δφ 00 = 0. But then (10e) reduces to 2τ φ 01 = 0 and so φ 01 = 0. Now this means (10h) reduces to Ψ 4 ξ m = (γ + γ)φ 00 + D φ 00 in which everything except γ is independent of v. Thus φ 00 = 0, the homothetic bivector is zero and as Ψ 4 = 0 we have ξ m = 0. Thus ξ a is null and must be a Killing vector. But this would imply that ξ a is covariantly constant and thus we have a pp. wave, a contradiction.
So if τ = 0 in a type N Kundt metric, there are no homothetic or Killing vectors orthogonal to the Debever-Penrose direction.
We can thus assume that ξ = 0, and so φ 11 = −ξ (ζ + ζ) −1 . Then (10d) gives
, where the dot is d/du. But now equation (6b) reduces to ξ m + ξ m = ψ(ζ + ζ) so as ξ m = ξ m (ζ, u), ξ m = ψζ + iC(u) for a real valued function C and then (6j) is identically satisfied. We can thus conclude from (6d) that ξ n = vξ − v 2 ξ (ζ + ζ) −2 + ξ 0 n (u, ζ, ζ), for some real-valued function ξ 0 n . We next integrate (10e) to get
for some function p, which (10f) tells us is of the form (ζ + ζ)p 0 (u, ζ). But now using (8b) and (6h) we get
and the reality of ξ n impliesĊ = 0.
We now have the general homothetic vector
with the coordinate freedom mentioned above and the remaining equations are (6e), (10g) and (10h), all of which reduce to
for some real function B, which we can absorb into F . The general solution to this equation is easily found.
We use the remaining coordinate freedom to get canonical forms for the homothetic or Killing vector. If we have a proper homothetic vector, then we can set C to 0 and ξ = ψu.
For a Killing vector (ψ = 0) we cannot change C, but can set ξ = 1. The possible forms are listed in table I, where we make use of the facts that the bracket of a Killing and a homothetic vector is a Killing vector and that no homothety with ξ ≡ 0 exists.
Table II
Type N, τ = 0
Group
Generator(s) F (ζ, u) C and ν are real constants, f is an arbitrary differentiable function.
Conclusion and Remarks
The formalism given here illustrates the elegance that can be achieved with the methods that Fayos and Sopuerta developed when the most general situation is considered. Apart from the inclusion of homotheties, the formalism in this paper has the advantage of flexibility in that one need not begin with a tetrad aligned with the Killing or homothetic bivector, and so can make use of the formalism to completely describe all metrics of a given class in terms of their admitted transformations.
Possible further uses of this formalism are to generalise the cases covered in [2] and find all type III metrics with a null homothetic bivector and all (if any) metrics where the symmetry and gravitational principal null directions are the same. The results in [15] on metrics with a simply transitive homothety group may also be applied in conjunction with this formalism to study the algebraically general (Petrov type I) case.
